Abstract. Let C be a smooth irreducible complex projective curve of genus g ≥ 2 and M 1 a moduli space of stable vector bundles over C. A (generalised) Picard sheaf is the direct image on M 1 of the tensor product of the Poincaré or universal bundle on M 1 × C by the pullback of a vector bundle E 0 on C; when the degree of E 0 is sufficiently large, this sheaf is a bundle and coincides with the Fourier-Mukai transform of E 0 . In this paper we include all results known to us and many new ones on the stability of the Picard sheaves when M 1 is one of the Picard variety of line bundles of degree d on C, the moduli space of stable vector bundles of rank n and degree d on C with n, d coprime or the moduli space of stable bundles of rank n and fixed determinant of degree d. We prove in particular that, if E 0 is a stable bundle of rank n 0 and degree d 0 with nd 0 + n 0 d > n 0 n(2g − 1), then the pullbacks of the Picard bundle on the moduli space of stable bundles by morphisms analogous to the Abel-Jacobi map are stable; moreover, if nd 0 + n 0 d > n 0 n(n + 1)(g − 1) + n 0 , then the Picard bundle itself is stable with respect to a theta divisor.
Introduction
Let M 1 and M 2 be two varieties and F a vector bundle over M 1 × M 2 . Given any vector bundle E 0 on M 2 , the torsion-free sheaf W(F , E 0 ) := p 1 * (p * 2 (E 0 ) ⊗ F ) has been studied from various points of view. It is of great interest to relate properties of E 0 to those of W(F , E 0 ), in particular when M 1 is a moduli space of stable bundles on M 2 and F is a universal bundle. In such a case the torsion-free sheaves W(F , E 0 ) are called generalised Picard sheaves (or just Picard sheaves). If R i p 1 * (p where we suppose that gcd(n, d) = 1. When gcd(n, d) = 1, there are no Poincaré bundles in the above sense, so the Picard sheaves do not exist. Of course, Pic d (C) = M(1, d), but the methods and results are sufficiently different for us to make the distinction. For the vector bundle F , we take Poincaré bundles P on Pic d (C) × C and U (respectively, U ξ ) on M n,d × C (respectively, M n,ξ × C). In this way, we obtain torsion-free sheaves
and θ n,ξ be line bundles corresponding to theta divisors on Pic d (C), M n,d and M n,ξ respectively. We present here a treatment of stability properties of Picard bundles and sheaves on Pic d (C), M n,ξ and M n,d with C smooth and E 0 any stable bundle, including all known results and significant new ones. Before stating our theorems, we define, for any E ∈ M n,d+n , L ∈ Pic d ′ +1 (C), morphisms
These are analogous to the classical Abel-Jacobi map embedding C in Pic d (C). Note that
We can now state our main results. 
Moreover, if nd 0 + d > n(2g − 1) (respectively, ≥), then, for any E ∈ M n,d+n ,
, then PW n,ξ (L 0 ) = ∅ and, when, in addition, gcd(n, d) = 1, we have W n,ξ (L 0 ) = 0. So, Theorem 1.1(ii) is best possible for g ≥ 3 and almost best possible [19, 16] , as is (ii) for g ≥ 3 [6] ; if gcd(n, d) = 1, Theorem 1.1(ii) is known for nd 0 + d > 2n(g − 1) by [4] . The first part of (iii) is known for nd 0 + d > 2ng [20] . The new results are (i) for 2g − 2 ≥ d 0 + d ≥ g, (ii) for g = 2, the first part of (iii) for 2n(g − 1) ≥ d ≥ n(2g − 1) and (iii)(a) and (b).
Before stating our next result, we recall that a vector bundle E on C is called (ℓ, m)-stable (see [23, 24] ) if, for every proper subbundle F of E,
Here ℓ, m are usually taken to be integers, but could be any rational numbers. For all ℓ, m, (ℓ, m)-stability is an open condition. Similar definitions can be made for torsionfree sheaves on higher-dimensional varieties (for the case in which we are interested, see Definition 4.1).
Theorem 1.2. Let E 0 be a stable bundle of rank n 0 ≥ 2 and degree d 0 .
Moreover, if gcd(n, d) = 1 and either (respectively, semistable) . This holds in particular for general E ∈ M n,d+n .
The first part of Theorem 1.2(ii) is known [5] ; the second part is new. Note that it does not imply that W n,ξ (E 0 ) is θ n,ξ -stable when n 0 ≥ 2. Alternative proofs of (i) are available [9, 17] . To our knowledge, (iii) is new.
The main tools for the proof of the above results are the generalisation, and adaptation to our cases, of Lemmas 1.1 and 1.2 in [16] and [20, Lemma 2.8(2) ], and the use of Hecke correspondences as in [4, 6] . The first tool will be developed in Section 2, where we relate our problem to a conjecture of D. C. Butler; this result (Proposition 2.1) seems to be of interest in its own right and leads to an important result on the stability of φ *
2). Sections 3-5 are devoted to the Picard sheaves on the different moduli spaces. In particular, Hecke correspondences are used in Section 4.
We assume throughout that C is a smooth irreducible projective curve over C of genus g ≥ 2.
Picard sheaves and Butler's Conjecture
In this section, we relate generalised Picard sheaves on Pic d (C) and M n,d to a conjecture of D. C. Butler [14, Conjecture 2]. Butler's conjecture is concerned with the following construction. Given a generated vector bundle E of rank n ≥ 1 and degree d on C, we define a vector bundle M E by the exact sequence Proposition 2.1. Let E ∈ M n,d+n and let E 0 be a vector bundle on C such that E 0 ⊗ E is stable and generated with h
coincide as families of stable bundles on C with respect to p 1 . It follows that there exists a line bundle L ′ on C such that
by p * 2 (E 0 ⊗ E) and taking direct images by p 1 , we obtain an exact sequence (2.
We can therefore apply base change to the right hand side of (2.4) to get the result.
This leads in particular to the main theorem of this section.
(a) If E 0 ⊗ E is stable and generated with h
, then (i) and (ii) hold for any E ∈ M n,d+n for which E 0 ⊗ E is stable, and in particular for general E ∈ M n,d+n .
To prove this theorem, we need some lemmas. The first is [20, Lemma 2.7] .
Lemma 2.3. Let A be an abelian variety, B and C subvarieties of
We use this lemma to generalise [16, Lemma 1.2] and [20, Lemma 2.8(2)] to torsion-free sheaves.
Lemma 2.4. Let E be a torsion-free sheaf on
Proof. Let F be a proper torsion-free subsheaf of E such that E/F is also torsion-free. The set of points of Pic d (C) at which at least one of E, F and E/F fails to be locally free is a closed subset of codimension at least 2. It follows from Lemma 2.3 that there is an open set U ⊂ Pic
is a vector bundle and φ * L (F ) is a proper subbundle. Since stability is an open condition, the hypotheses of the lemma allow us to assume that φ *
! by the Poincaré formula, this is just the θ 1,d ′ -stability condition for E.
For the semistable version, we simply replace < by ≤.
Proof. Note first that E 0 ⊗ E is polystable. In fact, the connection on E 0 ⊗ E induced by the Hermitian-Einstein connections on E 0 and E is also Hermitian-Einstein. It is therefore sufficient to prove that, for general E, the bundle E 0 ⊗ E is simple. Since simplicity is an open condition by the semi-continuity theorem, it is sufficient to find one E ∈ M n,d+n for which this holds.
For this, note first that we can use Hermitian-Einstein connections again to prove that ad(E 0 ) is polystable. Now choose E such that ad(E) is stable and not isomorphic to any of the stable direct factors of the polystable bundle ad(E 0 ). In fact, to show that ad(E) is stable for general E, we can use the argument of [26, § 3] (see also [1, Theorem 2.7] ). For any vector space V , the natural inclusion of sl(V ) in gl(gl(V )) is canonically a direct summand (as GL(V )-modules) since GL(V ) is reductive. It follows that ad(E) is a direct summand of End(End(E)). Hence the induced map
is injective. The bundle E constructed above can therefore be deformed so that ad(E) remains stable but is not isomorphic to any of the stable direct factors of ad(E 0 ).
Since ad(E 0 ) and ad(E) both have degree 0, it now follows that, for such E, there are no non-zero homomorphisms between them. Since ad(E) is self-dual, this implies that H 0 (ad(E 0 ) ⊗ ad(E)) = 0 and hence
So E 0 ⊗ E is simple as required.
Remark 2.6. Note that E 0 ⊗ E is semistable without any generality condition on E. Hence, if gcd(nd 0 + n 0 d, n 0 n) = 1, then E 0 ⊗ E is always stable. (b) By Lemma 2.5, the bundle E 0 ⊗ E is stable for general E. Moreover, if nd 0 + n 0 d ≥ n 0 n(2g − 1), then E 0 ⊗ E is generated and h 1 (E 0 ⊗ E) = 0. It follows from [13, Theorem 1.2] that M E 0 ⊗E is semistable and is stable if nd 0 + n 0 d > n 0 n(2g − 1). So (b) follows from (a).
Proof of Theorem 2.2. (a) (i) is immediate from
In order to apply Theorem 2.2 to our problem, we need to relate the stability of
). It will turn out that this is easy when n = 1 but more difficult for n ≥ 2.
Picard sheaves on
In this section, the following propositions will prove Theorem 1.1(i) and Theorem 1.2(i). Note that, when n = 1, we can take
Proof. In this case, E 0 ⊗L is certainly stable and generated with h 1 (E 0 ⊗L) = 0. Moreover M E 0 ⊗L is stable (respectively, semistable) by [13 
The result follows at once from Theorem 2.2(a)(ii) and the fact that α L,L = 1
-stable. This follows from [19] , where the result is proved for L 0 = O C . 
Picard sheaves on M n,ξ
In this section, we are concerned with results for Picard sheaves on M n,ξ and, in particular, with establishing Theorems 1.1(ii) and 1.2(ii). For 1.1(ii), we are not assuming that gcd(n, d) = 1, so we need to show that θ n,ξ -stability is well defined on M n,ξ and on the open subset M ′ L 0 ,n,ξ ⊂ M n,ξ (see (1.1)). Recall that M n,ξ has a natural compactification M n,ξ , which is locally factorial with Pic(M n,ξ ) ∼ = Z [15] . It is well known that the complement of M n,ξ in M n,ξ has codimension ≥ 2 unless g = n = 2 and d is even. Except in this case, we therefore have Pic(M n,ξ ) ∼ = Z and we can take θ n,ξ to be the positive generator. For any torsion-free sheaf E on M n,ξ , we can write c 1 (E) = λ E c 1 (θ n,ξ ) for some integer λ E . The sheaf E is now θ n,ξ -stable (semistable) if, for every proper subsheaf F of E,
Definition 4.1. Suppose that g ≥ 3 or n ≥ 3 or g = n = 2 and d is odd. A torsion-free sheaf E on M n,ξ is (ℓ, m)-θ n,ξ -stable (semistable) if, for every proper subsheaf F of E,
Remark 4.2. This definition makes sense on any projective variety whose Picard group is isomorphic to Z.
In order to prove Theorem 1.1(ii), we need some lemmas. Proof. Since we know that, under the hypotheses of the lemma, the complement of M n,ξ in M n,ξ has codimension ≥ 2, it remains to prove that the complement of M ′ L 0 ,n,ξ in M n,ξ has codimension ≥ 2. For g ≥ 3, this is proved in [6, Lemma 4.1]. In fact, the proof of that lemma shows that the codimension ≥ 1 + nd 0 + d − n(g − 1) whenever g ≥ 2, which gives the required result.
Under the hypotheses of Lemma 4.3, we now see that the restriction of the positive generator θ n,ξ of Pic(M n,
; we continue to denote this generator by θ n,ξ . We can therefore extend the concept of θ n,ξ -stability to torsion-free sheaves and projective bundles on M Proof. When gcd(n, d) = 1, the existence of (0, 1)-stable bundles in M L n 0 ⊗ξ(p) follows from [4, Lemma 2] . In fact, the proof of that lemma shows that (0, 1)-stable bundles exist unless g = 2 and there exists an integer e such that ne = (n − 1)(nd 0 + d), in other words, d is a multiple of n. It remains to show that, if g = 2 and F ∈ M L n 0 ⊗ξ(p) with d a multiple of n, then E is not (0, 1)-stable. In fact, by [22] , any vector bundle F of rank n and degree nd 0 + d + 1 admits a subbundle of rank n − 1 and degree d ′ with
This condition simplifies to nd
which contradicts the (0, 1)-stability of F .
Proof of Theorem 1.1(ii).
Let L 0 be a line bundle of degree d 0 with nd 0 + d > n(g − 1) and let f : We turn to the case n 0 ≥ 2 and assume that gcd(n, d) = 1. Now M n,ξ is a smooth projective variety with Pic(M n,ξ ) ∼ = Z and the Picard sheaf is defined on the whole of M n,ξ .
We now recall more details from [4] . For any vector bundle F of rank n and determinant ξ(p) with p ∈ C, the non-trivial exact sequences
form a family parametrised by the projective space P(F * p ). If F is (0, 1)-stable, then E is stable, so we obtain a morphism
Lemma 4.5. Suppose that gcd(n, d) = 1 and let F be a (0, 1)-stable bundle of rank n and determinant ξ(p) for some line bundle ξ of degree d and some p ∈ C. Then ψ F,p is an isomorphism onto its image and
Proof. In view of Lemma 4.5, we can identify P(F * p ) with its image in M n,ξ .
. Suppose further that one of the following holds:
and F is (0, 1)-stable; (ii) nd 0 + n 0 d > n 0 ng − n 0 and E 0 and F are general. 
Then there exists an exact sequence
is non-special. Since nd 0 +n 0 (d+1−n) > n 0 n(g−1), this implies that
The argument is completed as in case (i).
Remark 4.7. If the hypotheses of Lemma 4.6 hold, then (4.4) implies that ψ * F,p (W n,ξ (E 0 )) is locally free. Moreover, since Ω P(F * p ) (1) has degree −1, it follows at once from (4.4) that ψ * F,p (W n,ξ (E 0 ))(−j) has degree −n 0 ; so ψ * F,p (W n,ξ (E 0 )) is not semistable.
Lemma 4.8. Suppose that the hypotheses of Lemma 4.6 hold. Then, for any proper
.
Proof.
Since Ω P(F * p ) (1) ⊗(E 0 ) p is semistable of negative degree, it follows from the hypothesis and (4.4) that deg G ≤ −1. So Proof. The proof is identical with that of [4, Lemma 4] . Lemma 4.10. Suppose that gcd(n, d) = 1 and E 0 ∈ M n 0 ,d 0 and that either nd 0 + n 0 d > n 0 n(2g − 2) or E 0 is general and nd 0 + n 0 d > n 0 ng − n 0 . Let F be a proper subsheaf of W n,ξ (E 0 ). Then, for general E ∈ M n,ξ and general F as in (4.2) , there exists p ∈ C such that the image of ψ *
Proof. We follow the proof on p.567 of [4] . Choose points p 1 , . . . , p m ∈ C with m >
and choose E and F as in Lemma 4.9. In particular, F is (0, 1)-stable, so Lemma 4.5 applies and (4.4) holds.
, there exists p := p i such that s(p) = 0. By further restricting F , we can suppose that s ∈ H 0 (E 0 ⊗ F (−p))). The result now follows from (4.4).
Proof of Theorem 1.2(ii).
The first statement follows from [5, Corollary 21] .
For the second statement, let F be a proper subsheaf of W n,ξ (E 0 ) of rank r. Choose E, F and p as in Lemma 4.10 and let F 1 be the image of ψ *
In view of Lemma 4.10, we can take G = F 1 in Lemma 4.8. On the other hand, by Lemma 4.9(iii), the sheaf F 1 is isomorphic to ψ * F,p F (−j) away from some subvariety of codimension 2. It follows from Lemma 4.8 that deg ψ *
By (4.3), we have
This completes the proof.
Picard sheaves on M n,d
In this section, we prove Theorem 1.1(iii) and Theorem 1.2(iii).
Proof. Suppose first that
The result now follows from [20, Theorem 1] .
Under the weaker assumption nd 0 + d ≥ n(2g − 1), consider the morphism
This is a finite map, so
and this is θ n,ξ -stable by Theorem 1.1(ii). It follows from [20, Proposition 4.8] and [1,
Remark 5.2.
(i) Note that we require only one of the restrictions to be stable to apply [1, Lemma 2.2]; the other needs only to be semistable. (ii) For nd 0 + n 0 d ≥ n 0 n(2g − 1), the same argument will prove that, if
Proof of Theorem 1.1(iii). Lemma 5.1 proves the first statement of the theorem. Since L 0 is a line bundle, the second statement follows directly from Theorem 2.2(b).
For the proof of Theorem 1.2(iii), the methods above do not currently work, although Theorem 2.2(b) does apply. Instead, we need to use an argument based on the use of spectral curves. Recall from [2] and [20] 0 (End(π * (E))) = H 0 (π * (End(π * (E)))) = H 0 (End(E) ⊗ π * (O C ′ )) = C, where the last equality comes from (5.2) and the fact that E is simple and End(E) is semistable of degree 0. So π * (E) is simple and therefore stable.
